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Abstract. A Eulerian-Lagrangian scheme is used to solve the two-dimensional advection-dispersion
equation. Concentration and its partial differential operator are decomposed into advection and
dispersion terms. Thus, advection is formally decoupled from dispersion and solved by continuous
forward particle tracking. Dispersion is handled by implicit finite elements on a fixed Eulerian grid.
Translation of steep gradients of concentration in advection-dominated flow regimes, is done without
numerical distortion. Continuous spatial distribution of velocities are evaluated by using Galerkin’s
approach in conjunction with Darcy’s law based on hydraulic input data from each element. The
method was implemented on coarse FE grid with linear shape functions, demonstrating no over/under
shooting and practically no numerical dispersion. Simulations, covering a wide range of Peclet
numbers, yield high agreement with analytic and practical results.
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. Nomenclature

layer thickness

solute concentration

advection part of concentration
dispersion part of concentration

source concentration

tensor of hydrodynamic dispersion
molecular diffusion

hydraulic head

total number of nodes in an element

unit vector perpendicular to the boundary, directed outward
total number of particles covering a node
Darcy’s velocity vector

source flux
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(7]

portion of retardation factor
time
T; final evolution time

-

T transmissivity tensor
v fluid velocity vector
X position vector
X,y spatial coordinates
Symbols
v gradient vector
ad c s o .
Py partial time derivative
D L. -
DT hydrodynamic time derivative

A() difference

Greek Symbols
ar factor controlling the type of boundary condition
ap , ar longitudinal and transverse dispersivities respectively

Y fluid’s specific weight

8 Kronecker delta function
A radioactive decay

€ porosity

3 shape function

3 summation

Superscripts

() value at present time level

( )Y*'  value at front time level

k() value for ‘single step reverse tracking’
) finite element approximation
time derivative

Subscripts

r value along boundary

p value associated with a particle
n value at a node

2. Introduction

Most conventional numerical methods for solving the advection-dispersion
equation can be classified under two major categories — Eulerian or Lagrangian,
depending on whether the transport phenomena are of a parabolic or hyperbolic
nature. In the Eulerian category, the governing equation is discretized on a grid
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fixed in space, the Lagrangian category utilizes either a deforming grid or a fixed
grid in deforming coordinates. A review of these methods can be found in a
paper by Neuman (1981). A third approach, the mixed Eulerian-Lagrangian
method, combines the simplicity of the fixed grid with the computational power
of the Lagrangian approach which is especially effective in regions with high
Peclet numbers. To implement this approach, Baptista et al. (1986) and Holly et
al. (1984), solve for advection by shifting particles, while dispersion is solved on
a fixed grid. This technique is not rigorously splitting the concentration into
terms assigned to solve advection and terms to solve dispersion. Thus, when
steep concentration gradients are advected in conjunction with high Peclet
numbers, numerical dispersion results, although high-order interpolation schemes
are used (Baptista, 1986). The master of these problems is introduced in a novel
method that rigorously decomposes the state variable, its partial differential
operator, its initial and boundary conditions into advection and dispersion
(residual) terms. This method was developed for transport problems (Neuman
and Sorek, 1982; Neuman, 1984; Sorek, 1984; Sorek, 1985a; and Sorek, 1987)
and for flow problems (Sorek, 1985a; Sorek, 1985b; Sorek and Braester, 1986).

The novel technique consists of two steps, (1) formal decomposition of the
state variable field into two parts, one controlled by pure advection, the other
essentially by dispersion; and (2) solution of the resulting advection problem by
the method of the characteristics for forward particle tracking coupled with an
implicit finite element solution of the residual problem on a fixed grid.

Translation of each particle is a function of a fluid velocity regime. The
particle’s forward position dictates which of the grid nodes will be affected by the
particle’s load. Hence, spatial continuous velocities are of utmost importance for
the solution of the residual problem.

Following Yeh (1981), a procedure will be described to evaluate spatial
continuous fluid velocities on the basis of hydraulic information given at each
element.

3. Theory

Consider the advection-dispersion equation for an effluent constituent in an
incompressible flow

(1+s)a(§—tc)=V-(DVC—evC)-e/\C+ QC*, )

where (1 + s) >0 retardation factor (reduction of the apparent velocity due to
adsorption or similar phenomena). € - porosity (ratio of pores volume to the
total volume) coefficient; ¢t — time; C - solute concentration; V — gradient
operator; D — tensor of hydrodynamic dispersion (symmetric and semi-positive); v
- fluid velocity vector; A > 0 - radioactive decay coefficient; Q - source flux; C*
- concentration associated with the source. (For a detailed study of hydrology
terms, see Bear 1979.)
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The hydrodynamic dispersion in dimensions x and y can be written as

apvi+ arv?

D,, = D, + = , (2.1)
2+ 2

Dy, = D +——aLU’|v|aTU", (2.2)
U,

ny = (aL - aT) lvly' (2.3)

Here D, is the molecular diffusion; a;, ar are longitudinal and transverse
dispersivities, respectively.

Equation (1) is to be solved for C, subject to the initial condition and boundary
conditions respectively.

Cxo = Cow, 3
(—eDVC+qC) - n+ar(t) - (C— Cr(t)) = Or(t) - C¥, 4)

where x is the position vector, q = ev — Darcy’s velocity vector, n denotes the
unit vector perpendicular to the boundary and directed outward, Cy, Cr, Qr are
prescribed functions and ar controls the type of condition prevailing along the

boundary.
The Dirichlet condition for prescribing C is
C_Cr=0; ar—>» ®, (5.1)

The Cauchy condition for assigning mass flux (QrC¥)
(-DVC+4qC) - n=QrCt; ar=0, (5.2)

otherwise a mixed condition (0 < ar < «).
Equation (5.2) applies to inflow and no-flow boundaries; along outflow boun-
daries, the Neuman condition is commonly assumed to be

DVC: -n=0. (5.3)
Let us now write the equation of continuity for the fluid

de

_(67) +V-(qv)=~0 (©)

multiplying Equation (6) by C, regarding the incompressibility, reads
a
C2.+CV q=Co. (7)

In view of Equations (1) and (7), we thus obtain

€ E + s —G(GC)

45T 2=V (eDVC) - ev- VO —eAC+ Q(C* - O). (8)
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Note that if the solute’s concentration equals source concentration, the last term
in (8) is omitted.
Using the hydrodynamic derivative
D 9

— =—4vy-V
Dt a3t vy ©)

Equation (8) is rewritten to

D—C+s6(—ec—')=V-(eDVC)—eAC+ Q(C*-0). 10

€
Dt at

Here, C no longer represents the concentration at a point in spacetime, but
rather that of a fluid particle moving along a characteristic path described by
Dx=vDt. (11)

Let us now decompose the concentration into an advection part C and a
residual C representing the dispersion part

c=C+¢C. (12)
One way to perform such a decomposition is to let C saiisfy

—DD—f =0, (13)
subject to

Cix0= Cow, (14)

qC - n+ a(C - Cp) = OrCE. 15)

The conditions along the outflow boundaries have no effect on C and are thus
irrelevant. C remains constant in time; thus, the ‘advection problem’ as given by
(13)—(15) can be solved within each time step independently of the ‘dispersion
problem’ represented by ¢.

In view of Equations (3)-(4), and (13)—(15), the residual concentration Cis
governed by

a
eD—é+sﬁ=V-(eDVC)—eAC+ Q(C*-0), (16)
Dt at
subject to
é(,,o) = 0, (17)
(—eDVC+qC)-n+arC=0. (18)

It was demonstrated that the hyperbolic-parabolic advection-dispersion prob-
lem defined by (1)-(4) can be formally_decoupled into a purely hyperbolic
‘advection problem’, defined in terms of C, and a parabolic residual ‘dispersion
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problem’, defined in terms of €. The approach is to first solve the advection
problem for C and then the residual dispersion problem for C. Another alter-
native is to solve (10)-(11) in a Lagrangian form (without resorting to decom-
position of C) with the aid of the so-called single-step reverse particle tracking
(explained later). The proposed numerical method utilizes both of these alter-
natives jointly in an adaptive manner.

4. Numerical Implementation

The numerical scheme solves Equations (13)-(15) by continuous forward track-
ing of particles situated around steep fronts, constant sources, etc. At the
beginning of each time step, the field concentration is introduced via the particles
and the residual dispersion concentration is set to zero.

Coity = Coutys (19)
é(x,t") =0, (20)

where k denotes present time level. At the end of the time step, C is kept
constant and projected onto fixed nodes for the solution of Equations (16)—(18).

4.1. PARTICLE TRACKING TECHNIQUE

Let us define a time step At as the difference between the front time level t**!
and the present time level t*:

At =g+ — ¢k, 21)

Let x,, be the position vector of particle p. Denoting the advective concentration
associated with p at time t* by Cf, then by virtue of (19), we write

Cr=Ca,+ = Ca,.*). (22)
For a particle along boundary I' at location Xr, in view of (15), we obtain

Ak _ arCr+ QrCF .

CP q . n + a]-. |xl")‘ . (23)

The concentrations defined by (22)-(23) remain constant over the period At. By
virtue of (11), the particle’s forward distance X:*' is obtained by

tk+1
Xk = Xk +j vDr. (24)
'k
At the end of this time step, the C values are projected onto fixed nodes covered
by clouds, using the distance weighting function w, associated with each particle

1/d,

NI (25)

wp
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where d, is the distance from particle p to a fixed node and P, is the total number
of particles in the clouds covering the latter. The reflected value of C upon node
n is denoted by k. By virtue of (22), we have

kC, = C_'(,m,kﬂ) = Z wpé';. (26)
P,

Thus we associate the nodes with source terms projected from clouds of the
particles covering those nodes.

To comply with the hydrodynamic derivative in (16), for nodes covered by
clouds (or not covered as in (10)), we use an alternative approach called single
step reverse particle tracking.

We start by approximating the concentration within each element using its
nodal values C, and a basis interpolation function &,. We write

Can=Cqy= ; Cu(Déa(x), Q7

where N is the total number of nodes in the element and £, is an interpolation
function described by

1, n=m,

0; n#Fm. (28)

£n(Xm) = 8pm = {

Here 8, is the Kronecker delta function.

In the single step reverse particle tracking method, we then evaluate “C, by
moving a fictitious point from a backward position kx_ so that at the end of the
time step it merges with node n. Again, in view of (11), we have

'k+l

ky, = x:+1—j vDr. (29)
t

k

When v # v(1), Equation (29) yields a constant backward position meaning that a
single evaluation of kx_ suffices. Thus, by virtue of (27) for nodes covered by
clouds of particles, we can write

N
“Co= X Chta(*xa). (30.1)
n=1
For nodes not covered by clouds we rewrite (30.1) to the form
N
“Co= ), Chéu(*xy). (30.2)
n=1

This single step reverse formalism is much more efficient computerwise com-
pared with forward particle tracking.

HolT
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4.2, FIXED GRID TECHNIQUE
Let A° denote the element area, and application of the Galerkin orthogonaliza-

tion process to (16) yields,

J' [D—C+SM—V-(eDVC)+eAC-Q(C*—C)]§.. dA*=0. (1)
A | Dt at

We now approximate the porosity by an effective value € and a constant time
derivative ¢, to read

e=é+ét. (32)
Partial time derivatives are approximated by backwards differences

aC, Ck'-cCk

ot At (33)
DCO C°'I:+1 _ kC"" Ck+1 _ (Ck+1 + kC"")
Dt At At : (34

Note that the C% and Ck*' denote the total (advective + dispersive) node con-
centration evaluated at the t* and t**! time levels.

Using Green’s first identity, adopting the lumped-mass finite element approach,
and by virtue of (17)-(18), (31)-(34), we obtain a global matrix form

[A+B+F+Ait(W+S)]C"“=Q+K1;[W("C°+(_3"“)+SC"], (35)

where, A is the ‘Dispersion Matrix’, symmetric and semipositive of order M
defined as

A = J' eDVE,, - V¢, dR. (36.1)
R

Here, R is the solution domain for time ¢. B is the ‘Boundary Matrix’, symmetric
of order M, given by

B,..= I (@ -n+ap)é& dl  ap <o, (36.2)
r

Here, T is the boundary line enclosing R. f m and n are on an outflow or noflow
boundary, then

B = 0. (36.3)
For ar— », C,, is known and the m equation is superfluous.

F is a symmetric matrix of order M given by

F,. = J' (A + Q+ és)ént, dR. (36.4)
R
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W is a diagonal ‘Capacity Matrix’ of order M defined as

Woin = 6mn j €&n dR. (36.5)
R

§ is the diagonal ‘Retardation Matrix’ of order M with terms

S = BJ esén dR. (36.6)
IR
Q is a ‘Source Vector’ of order M given by
Qn=tm+ | OC*6ndR. (36.7)
R
Here

Um = — j (arCr+ OrCHén dl’, ar <.
r

If m is on a noflow or outflow boundary, then
¥m =0, (36.8)

for ar— o there is no need for the M term.
Once the nodal concentrations are evaluated, the particle concentration is
modified. In view of Equation (27), we obtain

N
CE' = Ch+ Cpy = Ch+ I (CE = Ca(x,), $7)
n=1

then C&*' = Ck*' is set and the particles are redeployed for the next time step.

It is recommended to cover steep fronts, time dependent sources, etc. with
clouds of particles, which are eliminated after the fronts have been flattened
through dispersion, retardation or decay. The subsequent procedure is then based
on the fixed grid in conjunction with single-step reverse particle tracking. The
criteria for elimination will be described below.

It was found (Neuman and Sorek, 1982) that for a steep concentration
gradient, application of (37) may lead to a situation in which the particle
concentration is lower or higher than that of the surrounding element nodes

C¥*' <min Ck*', (38.1)

C4*' > max Ck*L. (38.2)

n

To overcome this discontinuity, Equation (37) is replaced by

Cpt'= L Cxe) (39)
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which completely eliminates all kinks in (38). Thus, after a few consecutive time
steps when (38) is not repeated, *C is defined as

kC = Ck1 4 k¢, (40)

Upon substitution of (40) in (35), we obtain a solution scheme obviating the need
for forward particle tracking.

4.3. VELOCITIES BY FINITE ELEMENTS

The following is a method for evaluating nodal velocities from nodal hydraulic
heads, transmissivities and layer thickness given at elements of the grid. Velo-
cities are continuous to the same degree as the supplied nodal hydraulic heads
(Yeh, 1981).

In view of Darcy’s equation, we write

T
q= —;Vh, (41)

where T is the transmissivity tensor, b is the layer thickness, and h is the
hydraulic head. Let the head values be described by a finite element system

N
h=h= 3 h()&X). 42)
n=1
Darcy velocities are then approximated using the same basis function

= T an(0&®; i=1,2. 43)

Here i denotes the spatial direction.
Applying Galerkin’s method to (41) and in view of (42)—(43), a global set for
the solution of nodal velocities is described by

Eq; = H; (44)

E is the ‘mass matrix’ symmetric and of order M, given by
Enn = I Eném dR. 4s.1)
R
H is a ‘vector of head gradients’ in the i direction and of order M, given by

) I EnTy gg" : (45.2)

Note that the solution of (44)—-(45) precedes that of the mass-transport prob-
lem. Also, when the flow regime is not steady, the solution of (44) is repeated at
cach time level with a new set of hydraulic inputs, given at the elements.
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5. Examples

The first two examples are comparisons with analytical solutions describing a
general transport problem. The third is a simulation of a practical problem in
metric units with the evaluation of spatially distributed velocities.

Basic interpolation functions were chosen linear. The total number of particles
was fairly small. Grid Peclet number P; was well in excess of 2 and grid Courant
numbers C; was in excess of 1. Both numbers are higher than that recommended
in the literature (e.g. Burnett and Frind (1986)) and demonstrate the efficiency of
the method in computer resources.

EXAMPLE 1: (Figures 1-4). Following the example given by Varoglu and Finn
(1982), we solve Equation (10) with the following boundary conditions

Cl"(xl"’ t) = Oa

C(X,O)_{l_r/r(), O$r$r0=800,
G 0, elsewhere.

Also, Ax =Ay=200; T;=50000; At= T;/10=5000; D,= D, =2; v, =0.25;
vy, = 0; number of particles: 785.

Note that when dispersions are constant, dispersivities (a; , ar), are meaning-
less.

The grid Peclet number was

v, Ax v,A
P=2"%=25 p=2Yg
D, D,
LEGEND
/¢,
_ SYMBOL TIME
CUT AT X=1{3300.
Qa3e PARTICLES o 50000.0
L NODES +
Q32
K NO CLOUDS &
Q28 -
Q24
Q20
L
Qtée +
Q2
ao8
- Z\
Qo4 +\°\
o A
xlnnllllllllllnnntn\ﬂ\auL

160 320 480 640 800 960 1120 1280 1440 1600 1780

Fig. 1. Values at nodes and particles, and at nodes without clouds.
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Q24

Q20

Qe

Q2 +

Qo4 -

r CUT AT YsO

NODES &

L
——

[ R YRR T SRS NUE IR SRS T S SN N N SRS U . ff WA N SR W N S B N X

160 320 480 640 800 960 1120 1280 1440 1600 1780

Fig. 2. Values at the nodes.

The grid Courant number was

G

DAt

vy,At
= ——= O
Ax

=625,  C,==
y

LEGEND

L SYMBOL TIME
50000.

SHAUI SOREK

In Figure 1, the concentration curve of the particles is slightly discontinuous at
the border (y = 800) where particle distribution changes. This phenomenon is
intensified when dealing with steep fronts, but has no effect on the smoothness of

11600

13200

&

14800

T

3
M v T

- 1600

Fig. 3.

4=0.18;

1 2 3 4 L [ 7 7 [ 5 4

Contour map from nodal values. Key to contour levels: 1=0.03; 2=0.08; 3=0.13;

5=0.23;6=0.28;, 7=0.33.
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Fig. 4. Perspective view, information from nodes.

the nodal concentration curve. As expected, when particles are not present, the
outcome shows numerical dispersion (i.e., smearing of the wave).

EXAMPLE 2: (Figures 5-6). Conditions are the same as in Example 1, except
that D, = 0. As expected, the curves of equal concentration (Figure 5), are drawn
out in the y-direction. As before, changes in particle spatial density within the
cloud cause discontinuity of the resulting particle concentration curve (Figure 6).
Although a large time increment was used, deviation from the analytical solution
is minute.

EXAMPLE 3 (Figures 7-10). In this case, an areal section was simulated with
spatially-dependent velocities. Velocity was evaluated from the input of nodal
hydraulic heads, transmissivity T = 1000 m/day and an effective layer thickness
of b=0.5m. The solution domain was confined by no-flow boundaries except for
two open gates through which constant flux was entering and exiting. The initial
and boundary conditions for mass transport were

Cx,0=0; C(x=10000m,» = 10 000;
1000 m < x <2000 m

Cxoy=0 f { } i ,

(X.0) or y=1000m and y=10000m location of the gates
a; = ar =500 m; s=—1; A=0; € =30%; é=0;
C*=C; Ax =Ay=1000 m;

T,

T; = 1000 days; At ==L; number of particles: 185.

10

B>
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12700 14300
Y %00 - + + + 1600

+ o]
12500 14100 X
23456789 10 10 9 B76 54 3 2

Fig. 5. Contour map from values at particles. Key to contour levels: 1=0.03; 2=0.08; 3 =0.13;
4=0.18;5=0.23; 6 =0.28; 7=0.33; 8 =0.38; 9=0.43; 10=0.48.

LEGEND

C/Co CUT AT X=13300.
- SYMBOL TIME

or2 - PARTICLES © 50000.0

064 b NODES +

048
040
Q32

Q24

T 1§ 117 ¥

016
- [-)

aos ~

1 ! L L L 1 L L L L L L L 1 L + 1 1 1 1 Y

160 320 480 640 800 960 1120 1280 1440 1600 1780

Fig. 6. Values at nodes and at particles.
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Fig. 7. Contours of hydraulic head (——) and stream lines (----).

12345678910

2000 10000
1+ 9000
T
+
[ —
+ + + ¥ 1000
1000 9000

123435678910

Fig. 8. Contours of concentration after 1000 days. Key to contour levels: 1= 1000; 2 =2000;
3 =3000; 4 = 4000; 5 = 5000; 6 =6000; 7=7000; 8 = 8000, 9=29000; 10 =10 000.
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LEGEND
SYMBOL TIME

8 1000  DAYS
CUT AT Y=9000

° 500 DAYS

8380 * 200 DAYS

4380

380
1000 3000 5000 7000 9000
Fig. 9. Evolution curves.

LEGEND
syusoL TINE
CUT AT X = 80OO0O. o 1000 DAYS

4 S00 DAYS
% 200 DAYS

3300

1700

100 1 1 _ 1 1 N 2 2 b v
1000 3000 5000 T000 9000

Fig. 10. Evolution curves.

Figure 7 shows the net of equal head lines intersected by stream lines. Figure 8 is
the map of concentration contour lines. Figures 9 and 10 are sections through the
concentration surface at different time levels.

6. Conclusions

(a) The advection-dispersion equation, together with its initial and boundary
conditions, can be formally decomposed into pure advection and residual
dispersion. The resulting numerical scheme is highly suitable for solving
problems incorporating advection dominant phenomena combined with
motion of steep fronts. The scheme yields good agreement with analytical
solutions and practical simulations by a relatively small numerical effort.
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(b) Continuous forward tracking is time consuming, but the program automa-
tically eliminates particles when the front is flattened.

{c) The residual dispersion is solved by finite elements and involves only
symmetric and diagonal matrices, thereby reducing the time requirement
while improving stability of solutions and computational efficiency.

(d) Courant numbers well in excess of 1 and Peclet numbers that are higher
than 2, yield good accuracy.
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